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Summary

The value of the median in the duration models is very important either in the interpretation
of the results obtained or in the comparison between survival functions in the situation where the
risk functions hy(t) and h,(t)converge in the time . These test methods are considered more
effective than log-rank and Wilcoxon tests when the survival curves are not proportional. In this
article we use a classification function in the objective is to probability the median parameter, this
method makes it possible to determine an interval with different probabilistic weights and
simplifies the comparison between the survival functions.
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Résumé

La valeur de la médiane dans les modeles de durées est tres importante soit dans I’interprétation
des résultats obtenus ou dans les comparaisons entres des fonctions de survies dans la situation ou
les fonctions de risque hq(t)et h,(t) convergent dans le tempst. Ces méthodes de tests sont
considérées comme plus efficaces que les tests log-rank et Wilcoxon lorsque les courbes de survie
ne sont pas proportionnelles. Dans cette article on utilise une fonction de classification dans
I’objectif est de probabilis¢ le paramétre de la médiane, cette méthode permet de déterminer un
intervalle avec des poids probabiliste différents et de simplifie la comparaison entre les fonctions
de survies.
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I. Introduction

Survival analysis techniques are generally used in the fields of medicine, biology, public health,
clinical trials, and epidemiology. The unique feature of survival data is that there is censorship. In
other words, the case might be of interest to some topics, others not. Lack of experience may result
from the end of the study period, loss of follow-up or withdrawal from the study by the subject.
This is also called right-censored information. An event of interest can be described as death, onset
of illness, recurrence of illness, or recovery, one of which is called "failure". Traditional statistical
models, such as multiple linear regression, cannot handle direct censorship, which is why survival
models are designed specifically for managing data using censored observations. If censorship is
ignored in a study. the results seem to underestimate the probability of survival. The basic goals of
survival analysis include estimating and interpreting survival probabilities, comparing survival
probabilities between classes, and assessing possible risk factors related to the probability of
survival.

In this article, we focus on methods of comparing survival curves between two different groups.

We use the median which represents an alternative to the classical method of comparison because
of their specific interpretation and the ease of calculation.The median survival time is thought to be
a significant measure of the survival distribution due to the skewness of survival results. If two
crossing survival curves (Chen and al, 2015) are different but their median survival times are
identical, then it is more fitting to address some research questions by comparing the survival
media or quantiles rather than the curves. comparing median survival times( Chen(2014),
Brookmeyer R, Crowley (1982)). Brookmeyer and Crowley proposed a test (hereafter called the
BC test) based on the weighted survival curve and the weighted median(Brookmeyer R,
Crowley,1982). In their study, it is appropriate to measure
the individual survival curve for each group and their weighted median survival time using the
Kaplan-Meier estimator; then the probability of survival of all groups are compared at the time
point of the calculated weighted survival median The authors have shown that the test statistics
have an asymptotic chi-square distribution with degrees of freedom equal to the number of groups
minus one, assuming that the groups have the same distribution of survival. To obtain this test
statistics, we need to estimate a matrix of covariances and determine its generalized inverse, which
may be a tedious task(Tang and Jeong (2012)). Another drawback of the BC test is its exaggerated
error rate of type I, which can cause serious problems if the sample size is small (Rahbar and al
(2012)).
In our article to simplify the test we use the Bayesian approach. Thus it is possible to calculate the
Bayesian p-value or place the frequentist P-value and introduce a priori information if it exists.
This method plays a dual role; it allows the comparison of survival functions, also the
determination of the median interval.

II. Kaplan-Meier estimator and the Bayesian approach

The Kaplan-Meier (KM) estimation method is also called "Product Limit Estimations (PLE)" by
Anglo-Saxon statisticians. This estimator, which generalizes the notion of empirical distribution
function, is based on the following idea: living after a while means being alive just before and not
dying over time, that is,
PX>t)=P(X=t_,X=t)
=P(X=t,/X=t,_)P(X = t,_4)
=PX=t/X=t,_ | JP(X>t_ /X =t, ) )P(X >t,_,)

Wecanwrite:
S(t)=PX=t/X=¢t)*=5(t._)
the proportion g; of individuals who experienced the event at time t; corresponds to

£
tf; n,
this quantity estimates the value of the risk function A(t)for t = t,, where :t, represents the
follow-up time since inclusion in the study for each patient ;
d.est le nombre de décés au temps t;;
n,is the number of subjects at risk of presenting the event studied at the instant t, | ie. the
number of patients who have not yet undergone the event nor the censorship just before ;.
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(1 — g, Jrepresents the proportion of people who did not experience the event.
The probability of survival in t_ide then becomes:
S(e) = SCe-)(1 - by

= 5(]::'—1] %

£
Selon cette équation, la probabilité de survie t; sachant qu’on était en vie en t;_4 est estimée de la
maniere suivante :

§(tifte—1j = & __d

By extension, if we consider t, < t, < --- < t, the distinct survival times of n individuals,
S(t)corresponds to the product of all the probabilities of not having known the event since the start
of the observation, but this estimator can be written in two different ways depending on whether
there is no joint or the presence of a joint as follows:

e (ase of absence of a joint ( ex aequo ):
L’estimateur de Kaplan-Meier est donné par

-] - w2

I tE e

1 if + <2,
avec
5 — { 1 realized event,

i o censored subject.

e Exaequo presence:
In the case of application, we are confronted with the presence of events of different natures, we
consider that the uncensored observations take place before the censored ones, we have

n{i—ﬁj =]_[(1—s»;1.) £ e,
5(1“) = e M
1

e
if ¢ <ty
In the frequentist approach the number of deaths in the interval of time is an realization of a
Binomial law written by:
d;~Bin(n; q;)
where
d;
q; =1 n, (1)

From a Bayesian perspective we assume an a priori forg; , and when the distribution used in the

case of proportions is that of Beta, we set:
qi-\-bEtﬂ'(a:J‘gj

For the hyper parameters (a, ), we find several propositions, we use a vague prior law, it is a
proper law with a very large variance, according to this distribution, the prior law is considered to
be weak informative, and this law is used for regularization and stabilization, it provides solutions
in the use of algorithms. We ask:
qi"vﬁ(ﬂjﬂ lrﬂrﬂ 1)

1. Calculate the interval of the median

To determine the interval of the median we follow three steps as follows:
1 step

In this step we find the value for the classification as follows:

SR, = |5(z.) — 0.5]

2°M step
In this step we find the classification value as follows:
rank = i I[SR}- < 5R.)

F

such as
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rank = rank;

3™ step

We seek in this step to determine the minimum order probability of the function in OpenBUGS
equals (rank (sr [], 1), 1) = 1 if the ith element of SR;has the lowest value, and 0 if not; the mean is
the probability that the ith element has the lowest value.

So the code that contains the three steps is as follows:

for (1in 1:m) {

sr[i]<- abs(s[i]-0.5)

numbersItoN1[i] <-1

rank[i] <- rank(sr[], 1) # rank of hospital i

}

for (1in 1:ml) {

prob.lowest1 [i] <- equals (rank[1], 1)

%. La comparaison entres les fonctions de survies

For the comparison between the survival functions, we compare the classification probabilities of
each group, then:

a; = equals(rank(sr2 [],i),1) — equals (rank (sri[],i) ,1)
and the test statistic is the sum of the deviations, so:

min (m,mo ) min (m, m, J
a= Z a, = Z equals(rank(sr2 [],i),1) — equals (rank (sr1i [],i) ,1)
=1 =1

So the code that contains this step in OpenBUGS is as follows:
for (1in 1:m1) {

srl[i]<- abs(s1[i]-0.5)

numbersItoN1[i] <-1

rank1[1] <- rank(sr1[], 1) # rank of hospital 1
}

for (1in I:ml) {

prob.lowest1[i] <- equals(rank1[i] ,1)

}

for j in 1:m2) {

sr2[j]<-abs(s2[j]-0.5)

numbers1toN2[j] <- ]

rank?2[j] <- rank(sr2[], j) # rank of hospital i
}

for (1in 1:m2) {

prob.lowest2[1] <- equals(rank2[i] ,1)

}

for (1in I:ml) {
alpha[i]<-abs(prob.lowest2[i]-prob.lowest1[i])
}

alphap<- sum(alpha[])

p.value<- step(alphap - 0)

}

As a decision scale we use the following table:
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Tabl1:the decision scale table.
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p — valeur Interpretastion
0 Equality of survivalfunctions
O<p —raleur < 0.5 Lowsimilarity
0.5 <p —valeur = 1 A strongsimilarity
1 Deferenceisdecisive

III.  Application

Source: Developed by us.

In this section, survival function is estimated in a clinical study for two pharmaceuticals
(placebo and prednisolone), this example uses survival times for 42 patients with chronic active
hepatitis. These patients were randomized into two equal groups, one was treated with prednisolone,
the other received a placebo (see Held, 2010).

Fig.1- Survival curves estimated using the Bayesian Kaplan-Meier method.
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Source: Developed by us.

The survival function of the two pharmaceutical products demonstrates that patients in the placebo
group have a lower probability of survival than those in the prednisolone group, and according to
this result prednisolone has an efficacy compared to the comparator (placebo).
We now want to go beyond the graphical comparison of the two treatment groups to perform an
appropriate statistical test. The Student t test does not lend itself to this, because it asks to ignore
that in a part of the patients, the event has not yet taken place. For this, the tests in Table 1 are used.

Tab.2- Tests for the equality of survival functions.

Statistic Observed Ciritical p-value Alpha
value value

Log-Rank 4,028 3,841 0,045 0,05

Wilcoxon 5,686 3,841 0,017 0,05

Tarone -Ware | 5,255 3,841 0,022 0,05

Source: Developed by us.
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From the results summarized in Tab (2), the p-value of the log-rank, Wilcoxon and Taron-Ware
tests (see Table (2)) is below the threshold (5%), which means that we proved that there is a
statistically significant difference between the survival probabilities of the two groups.

From Table (3) the hypothesis of the difference between the survival probabilities of the two
groups is statistically significant when the value of P-value is equal to 1.

Tab.3- The Bayesian test for equality of survival functions.

0 1 m 19
e ] MC e \21a5 ed \71a5
. . .5p
a d rror 1a
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To confirm the results, a graphical comparison between the medians of the two functions is used.

Fig 2 : the probable times and the median value in the prednisolone group.
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Source: Developed by us.

In figure (2), we can see graphically that the majority of the mass is located after the diurea 141
months. This indicates that the median survival is between 141 months and 146 months.

Fig 3 :the probable times and the median value in the placebo group.
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In Figure (3), we find a distribution with a single mass so the median interval is easy to read and
is between 22 months and 63 months for the placebo group.

Fig 4 : the difference between the probable times and the value of the median in the groups
(Prednisolone VS Placébo).
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Source: Developed by us.

The difference between the probable times and the median value in the placebo and
prednisolone groups helps to understand the magnitude of the difference in this study. in figure (4)
we notice that this difference is large in we accept the hypothesis of difference between the
survival functions.

IV. Conclusion

In this article the Bayesian approach and the MCMC simulation method is used to calculate the P-
value which allow a more in-depth comparative analysis in the comparison of survival functions,
the result found through the example shows a simple, straightforward method and efficient.
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Appendices
model

for (1in 1:m1) {
d1[i]~dbin(q1[1],n1[1])
q1[1]~dbeta(0.01,0.01)

%or (1in 1:m2) {
d2[1]~dbin(q2[1],n2[1])
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q2[i]~dbeta(0.01,0.01)
}

for (1in 1:m1){
cel[1]~dbin(0.01,0.01)

}
for (1in 1:m2){
ce2[1]~dbin(0.01,0.01)

%or (1in 1:ml){
pl1[i]<-1-q1i]

for (1in 1:m2){
p2[i]<-1-q2[i]
}

nl[1]<- 22

n2[1]<- 22

for(iin 2:ml){
nl[i]<-nl[i-1]-d1[i-1]-cel[i-1]

%or(i in 2:m2){
n2[i]<-n2[i-1]-d2[i-1]-ce2[i-1]

for (1in 2:m1){
sI[i]<-s1[i-1]*p1[i]

sI[1]<-pl[1]
for (1in 2:m2){
s2[1]<-s2[1-1]*p2[i]

s2[1]<-p2[1]

for (1in 1:ml) {

srl[i]<- abs(s1[1]-0.5)

numbersItoN1[i] <-1

rank1[1] <- rank(sr1[], 1) # rank of hospital i

for (1in 1:m1) {
prob.lowest1[i] <- equals(rank1[i] ,1)

}

for j in 1:m2) {

sr2[j]<-abs(s2[;]-0.5)

numbers1toN2[j] <- ]

rank?2[j] <- rank(sr2[], j) # rank of hospital 1

}
for (1in 1:m2) {
prob.lowest2[i] <- equals(rank2[i] ,1)

}
for (1in 1:m1) {
alpha[i]<-abs(prob.lowest2[i]-prob.lowest1[i])

alphap<- sum(alpha[])
p.value<- step(alphap - 0)

}

list(m1=21,d1=¢(1,1,1,1,0,1,1,2,0,0,0,0,
0,1,0,1,0,0,1,0,0),

cel=c(0,0,0,0,1,0,0,0,1,1,1,
1,1,0,1,0,1,1,0,1,1),m2=22, d2=c(1,1,1,1,1,1,1,1,
1,1,1,1,1,1,1,1,0,0,
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0,0,0,0),ce2=c(0,0,0,0,0,
0,0,0,0,0,0,0,0,0,0,0,
1,1,1,1,1,1
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